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Abstract
This letter focuses on the multiplicity of power flow (PF) equations and presents two con-
tinuous solutions for widely studied IEEE-14 bus system. The continuous solutions are located
by a method combining the semidefinite program (SDP) relaxation and reformulation lineariza-
tion technique (RLT). Although the observation is non-trivial, it is of interest to researchers
investigating the geometry or multiplicity nature of PF equations.
1 Introduction
Solving PF equations is one of the most fundamental problem in power system and it is widely
reported that multiple PF solutions could exist due to the nonlinearity [1]-[5]. Recent reported
methods to locate multiple PF solutions include continuous power flow-based algorithm [2], the
continuation method [3], the homotopy continuation method [4] and convex relaxation based method
[5]. In [4], 30 isolated solutions are successfully located for the IEEE-14 bus system. Apart from the
reported isolated PF solutions, one interesting question is whether a continuous solution exists with
the slack bus fixed. If any continuous PF solution exists, it implies that there will be innumerous PF
solutions, or that at least a PF solution curve can be obtained, from the mathematical perspective,
which is of great interest to the community investigating geometry or multiplicity nature of PF
equations. Based on the method presented in [5], this letter investigates the PF solutions of IEEE-
14 bus system and finds that at least two continuous PF solutions exist.
2 Formulating Power Flow Equations
Typically, the PF problem can be formulated as a set of equations as follows, where the voltage
magnitude |V | and voltage angle θ of PQ and PV buses are state variables and reactive power
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generations of PV and V θ buses, active power generation of V θ bus are decision variables.
P gm − P dm = |Vm|2gsm +
∑
n∈Bm
Pmn, ∀m ∈ PV ∪ PQ (1)
Qgm −Qdm = |Vm|2bsm +
∑
n∈Bm
Qmn, ∀m ∈ PQ (2)
with
Pmn = (|Vm|2 − |Vm||Vn| cos θmn)gmn − |Vm||Vn|bmn sin θmn
Qmn = −|Vm||Vn|gmn sin θmn − (|Vm|2 − |Vm||Vn| cos θmn)bmn
where Pmn, Qmn are active and reactive power flows of line mn (from bus m to bus n); gmn,
bmn are conductance and susceptance of line mn; P
g
m, Q
g
m, P
d
m and Q
d
m are active and reactive
power generations, active and reactive loads of bus m; gsm and b
s
m are grounding conductance and
susceptance of bus m; PV, PQ are the sets of PV and PQ buses and Bm is the set of buses
connecting to bus n excluding bus n itself.
3 Solve PF by a Relaxation Method
Using em = |Vm| cos θm and fm = |Vm| sin θm, PF problem can be reformulated in rectangular
coordinate as a quadratic constrained program (QCP) problem, whose objective is to minimize the
sum of positive slack variables s+k and s
−
k . QCP for PF problem can be expressed in compact form
as (referred as QCPF)
Sopt = min
∑
(s+k + s
−
k ) (3)
tr(XZk) + s
+
k − s−k = ck, ∀k (4)
s+k , s
−
k ≥ 0, ∀k (5)
xl ≤ x =
[
e
f
]
≤ xu (6)
X = xxT (7)
where tr(·) is the matrix trace operator; Zk, ck are known constants related to power system pa-
rameters; xl/xu is estimated lower/upper bound of x and
[
e; f
]
= [e1, · · · , eN , f1, · · · , fN ]T with N
denoting the number of bus in the systemystem.
QCPF is a non-convex problem due to (7) and each optimal solution of QCPF with a zero
objective value corresponds to a solution of original PF problem. Based on the reformulation
linearization technique (RLT) and the SDP relaxation technique, QCPF is relaxed to a SDP problem
(referred as QCPFsdp) given below [5].
Scvx = min {(3)|(4)− (5), X  0, (x,X) ∈ RLT(xl, xu)} (8)
where
RLT(xl, xu) =
xl ≤ x ≤ xuX  0
∣∣∣∣∣∣
xlxT + x(xl)T − xl(xl)T ≤ X
xuxT + x(xu)T − xu(xu)T ≤ X
X ≤ x(xu)T + xlxT − xl(xu)T
 (9)
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and X  0 means matrix X is positive semi-definite.
By successively narrowing upper and lower bounds of x, the relaxation is gradually tightened
and all optimal solutions with zero objective value for QCPF can be found by solving a series
of resulted SDP problems. Details of the method can be found in [5] and are omitted here for
simplicity.
4 Investigating IEEE-14 Bus System
The topology and generation parameters of IEEE 14-bus system are presented in Fig.1 and Table
1. Other parameters can be found in [4] or Matpower [6]. Through investigating the topology of
the system, an interesting characteristic of the IEEE 14-bus system can be observed, as we explain
next.
Figure 1: Topology of the IEEE 14-bus system
Table 1: Bus Parameters of IEEE 14-Bus System
Bus Type
Pd
(MW)
Qd
(MVar)
|V |
(p.u.)
θ
(o)
P g
(MW)
Shunt
(p.u)
1 V θ 0.0 0.0 1.060 0.0 − −
2 PV 21.7 12.7 1.045 − 232.4 −
3 PV 94.2 19.0 1.010 − 40.0 −
4 PQ 47.8 -3.9 − − − −
5 PQ 7.6 1.6 − − − −
6 PV 11.2 7.5 1.070 − 0.0 −
7 PQ 0.0 0.0 − − − −
8 PV 0.0 0.0 1.090 − 0.0 −
9 PQ 29.5 16.6 − − − j0.19
10 PQ 9.0 5.8 − − − −
11 PQ 3.5 1.8 − − − −
12 PQ 6.1 1.6 − − − −
13 PQ 13.5 5.8 − − − −
14 PQ 14.9 5.0 − − − −
Obviously, neither active/reactive load nor grounding admittance is connected to bus 7 and bus
8, and no shunt impedance is connected to the line connecting the two buses. As no active power
3
is generated from bus 8, the following equations can be derived according to (1)-(2).
P g8 = P87 = −|V8||V7|b87 sin(θ8 − θ7) = 0 (10)
Qg8 = Q87 = −|V8|2b87 + |V8||V7|b87 cos(θ8 − θ7) (11)
At least one of the following equations holds according to (10) due to |V8| > 0.
|V7| = 0 (12)
sin (θ8 − θ7) = 0 (13)
We focus on (12), which means bus 7 is a grounding point partitioning the whole system into
two subsystems. We here denote the subsystem containing bus 7, bus 8 and the line connecting
them as S1 and the other subsystem as S2. With simple calculation, it can be easily obtained that
Qg8 = −|V8|2b87 = 6.7448 p.u.. Further, we have
e7 = |V7| cos θ7 = 0; f7 = |V7| sin θ7 = 0 (14)
e8 = |V8| cos θ8 = 1.06 cos θ8 (15)
f8 = |V8| sin θ8 = 1.06 sin θ8 (16)
Therefore, arbitrary value of θ8 can always satisfy the PF equations of S1, which means that
any PF solution of S2, if any, will be a continuous PF solution of the IEEE-14 bus system. In
other words, one or more PF solution curves can be obtained and its number of PF solution will
be innumerous. With the SDP relaxation based method, two PF solutions are found for S2, which
are presented in Table 2.
Table 2: Power Flow Solutions (|V7| = 0)
Bus
|V |(p.u.) θ(o)
1st Solution 2nd Solution 1st Solution 2nd Solution
1 1.0600 1.0600 0.0000 0.0000
2 1.0450 1.0450 -9.6493 -8.4330
3 1.0100 1.0100 -21.7179 -19.6333
4 0.7270 0.7525 -14.7476 -12.5904
5 0.7998 0.8309 -16.7431 -14.0091
6 1.0700 1.0700 -50.5993 -39.2774
7 0.0000 0.0000 − −
8 1.0600 1.0600 − −
9 0.1090 0.2592 -70.2622 -37.2568
10 0.2420 0.3814 -59.5697 -39.0664
11 0.6378 0.7118 -51.9195 -38.9400
12 0.9824 0.9950 -52.4829 -40.7917
13 0.9008 0.9280 -51.9006 -40.1235
14 0.4022 0.5130 -59.9679 -42.9334
The simulation result implies that two PF solution curves have been obtained for the IEEE-14
bus system. However, the presented two continuous solutions will not be observed for the studied
IEEE 14-bus system in practical if 1) reactive power generation in bus 8 exceeds its limit, i.e.
Qg,max8 < 6.7448, 2) P
d
7 6= 0 or Qd7 6= 0 meaning |V7| = 0 is impossible to hold or 3) the voltage
magnitude of any bus or power flow of any line exceeds its limit etc.
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5 Conclusion
In this letter, two continuous PF solutions, or two PF solution curves, are obtained for the IEEE-14
bus system based on the SDP relaxation based method to locate all PF solutions even the slack
bus is fixed. We admit that the observation is non-trivial. However, it is of great interest to
researchers investigating the geometry or multiplicity nature of PF equations and more work, e.g.
the conditions that PF solution curve appears, the relations between isolated and continuous PF
solutions, may be of interest in future work.
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